The problem of parameter estimation of a single sinusoid with unknown offset in additive Gaussian noise is addressed. After deriving the linear prediction property of the noise-free signal, the maximum likelihood estimator for the frequency parameter is developed. The optimum estimator is relaxed according to the iterative quadratic maximum likelihood technique. The remaining parameters are then solved in a linear least squares manner. Theoretical variance expression of the frequency estimate based on high signal-to-noise ratio assumption is also derived. Simulation results show that the proposed algorithm can give optimum estimation performance and is superior to the nonlinear least squares approach.
Introduction
Parameter estimation of sinusoidal signals in additive noise has been an active research topic [1] [2] [3] [4] [5] because of its numerous application areas in power delivery [6] , signal processing [7] , digital communications [8] , instrumentation and measurement [9] and so on. In this paper, we tackle the parameter estimation problem for a real biased sinusoid. The observed signal, which is also known as the four-parameter sine wave model [9, 10] , is xðnÞ ¼ sðnÞþqðnÞ; n ¼ 1; 2; . . . ; N ð1Þ
where
where A 4 0, o 2 ð0; pÞ, f 2 ½0; 2pÞ and B are deterministic but unknown constants which denote the tone amplitude, frequency, phase and offset, respectively, while qðnÞ is the additive zero-mean Gaussian noise. Our objective is to estimate A, o, f and B, from the N discrete-time noisy measurements fxðnÞg.
Although there are numerous sinusoidal parameter estimation schemes in the literature such as maximum likelihood (ML), nonlinear least squares (NLS) [4, 10] , iterative quadratic maximum likelihood (IQML) [11, 12] , linear prediction (LP) [2] , most of them assume B ¼ 0. In fact, it is of interest to estimate the non-zero offset or DC value as well [9, 10] . In this paper, we contribute to the development of an accurate and computationally attractive parameter estimation approach for a single tone with non-zero offset. We first derive the LP property of (2) and then produce the ML estimator for the frequency parameter. As the ML cost function is multi-modal, IQMLbased relaxation is utilized to yield a simple iterative algorithm. The parameters of amplitude, phase and offset are then obtained in a linear least squares (LLS) manner. Furthermore, the variance of the frequency estimate in high signal-to-noise ratio (SNR) conditions is theoretically analyzed. The effectiveness of the proposed scheme is demonstrated by comparing with the NLS approach and Cramé r-Rao lower bound (CRLB) [10] .
Algorithm development
It is well known that when B ¼ 0, sðnÞ obeys the LP property of sðnÞþsðnÀ2Þ ¼ 2cosðoÞsðnÀ1Þ. For nonzero B, (ii) Computer using (7).
(iii) User to construct RðrÞ of (6). Note that the variance expression of (20) 
Simulation results
Computer simulations have been carried out to evaluate the estimation accuracy of the proposed approach for the signal model of (1)-(2). We compare the mean square error (MSE) performance of the IQML-based method with that of the NLS approach as well as CRLB [10] . As the asymptotical mean of sinusoidal signal is zero, the offset is approximately equal to the average of the data. Hence, we can obtain other parameters by solving the NLS problem
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where zðnÞ ¼ xðnÞÀ
We refer this algorithm to as offset-removal NLS method. We use three iterations in the proposed method as no obvious improvement is observed for more iterations while the NLS and the offsetremoval NLS algorithms are initialized by (7)- (8) four figures indicate that the proposed algorithm can achieve optimum estimation performance at sufficiently high SNRs, that is, when SNR Z18 dB. In particular, Fig. 1 shows that it is able to attain the CRLB when SNR Z14 dB, which agrees with the variance expression for o in (20).
Although the MSEs of the proposed and NLS estimators can approach the corresponding optimum benchmarks, the former is superior to the latter in terms of threshold SNR performance. It is also seen in Fig. 4 that the offsetremoval NLS scheme produces biased offset estimates in higher SNR scenarios. This is because averaging of a real tone will produce a bias of order Oð1Þ even in the absence of noise, and its effect dominates compared with s 2 =N when SNR is sufficiently large. Estimation of the amplitude, frequency and phase, based on this biased offset estimate, will then be suboptimal, which is demonstrated in Figs. 1-3 .Finally, we study the MSE performance of the crucial parameter of frequency versus o at SNR ¼ 30 dB. All other parameter settings are identical to the first test and the results are shown in Fig. 5 . Although (20) indicates that the variance ofô is large when o approaches 0 or p, the CRLB also has larger values in these conditions. Moreover, the equivalence of (20) and CRLB for the admissible range of o 2 ð0; pÞ is demonstrated.
Conclusion
To conclude, we have devised an accurate parameter estimation approach for a single sinusoid with unknown offset parameter. The basic steps in the algorithm development are deriving the linear prediction (LP) property of the noise-free signal, establishing the maximum likelihood estimator, and performing relaxation to produce a simple iterative algorithm. The optimality of the proposed scheme is demonstrated by comparing with the nonlinear least squares approach and Cramé r-Rao lower bound via computer simulations. It is noteworthy that the LP property development can be utilized to the complex and/or multiple tone scenario in a straightforward manner. 
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